IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The two Coulomb centres problem at small intercentre separations in the space of arbitrary

dimension

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2007 J. Phys. A: Math. Theor. 40 1791
(http://iopscience.iop.org/1751-8121/40/8/008)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.147
The article was downloaded on 03/06/2010 at 06:33

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/40/8
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

TOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 40 (2007) 1791-1807 doi:10.1088/1751-8113/40/8/008

The two Coulomb centres problem at small intercentre
separations in the space of arbitrary dimension

D I Bondar'3, M Hnatich’? and V Yu Lazur'

! Department of Theoretical Physics, Uzhgorod National University, Voloshina Str. 54,
88 000 Uzhgorod, Ukraine

2 Institute of Experimental Physics Slovak Academy of Sciences, Watsonova 47,
04001 Kosice, Slovakia

E-mail: dbondar@scimail.uwaterloo.ca, hnatic@saske.sk and lazur@univ.uzhgorod.ua

Received 21 August 2006, in final form 29 November 2006
Published 6 February 2007
Online at stacks.iop.org/JPhysA/40/1791

Abstract

The case of small intercentre distance in the D-dimensional two Coulomb
centres problem (ZieZ,)p (D > 2) is studied by solving the wave equations
using the separations of variables. Asymptotic expansions for the electronic
terms and the quantum defect are obtained. Results obtained are compared
with previous asymptotic and numerical treatments. Correspondence between
energy terms of the three-dimensional system (ZeZ5)3 and the D-dimensional
system (Z1eZ,)p is found.

PACS numbers: 02.60.Lj, 02.30.Myv, 02.30.Gp, 03.65.Ge

1. Introduction

It was shown by Ehrenfest [1, 2] that the generalization of physical theories to space with an
arbitrary dimension D often resulted in a new and unexpected understanding of the problem
examined. During the past years such an approach received a considerable development and
is widely used in theoretical physics. The 1/D-expansion or size scaling, a new method of
quantum mechanics and quantum field theory, was used in particular to study the properties
of atoms in strong electric and magnetic fields, the three bodies problem, the two Coulomb
centres problem and many other problems [3-5, 7]. A review of this method, its different
variants and its applications to the theory of atoms, molecules and quantum chemistry can be
found in [7].

This work is devoted to the generalization of the results of the asymptotic theory for the
quantum mechanical two Coulomb centre problem Z;eZ, [8, 9] by inflating the number of
spacial dimension (denoted as the (ZyeZ,)p problem). Separating the Schrodinger equation

3 Present address: Department of Physics and Astronomy, University of Waterloo, 200 University Avenue West,
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in hyperspheroidal coordinates [10] leads to two coupled confluent Heun equations [11, 12],
the singularities of which are located at £1 and at infinity. To calculate the energy levels of the
two Coulomb centre system, a two-parameter boundary-eigenvalue problem must be solved.
We solve this problem for the case of small intercentre separations by means of an asymptotic
method that has been proposed in [9] and developed in [11]. The 1/D-expansion of the energy
levels for the (Z;eZ,)p problem was calculated in [6] for the first time. But this expansion
gives poor results for the case of small separations. We have obtained an expansion for the
energy levels, which is convergent not only for small intercentre separations but also large
spatial dimension D. The two-dimensional two centres problem (ZeZ,), at small intercentre
separation has been studied in [13], and the same results are presented in this paper.

The solutions of the Schrodinger equation with two-centre potential are of considerable
interest in various problems of few-body systems. They describe the bound states of light
particles in the field of two heavy particles. Usually such type of systems arises in molecular
physics. However, in the past years other systems were also described by the two-centre
Schrodinger equation; for example, baryons containing heavy quarks (QQq baryons) [14]
and heavy-flavoured hybrid mesons (QQg mesons) are now becoming subjects of extensive
investigation. There is a close connection between the (Z,eZ,) p problem and SU (2) monopole
[15, 16]. The five-dimensional bound system of ‘charge-dion” with SU(2)—Yang monopole
[17] is also described by equations obtained by the separation of variables of equation (1)
(see below) in hyperspheroidal coordinates. Furthermore, equation (1) is connected to the
well-known Teukolsky equation [18].

The organization of the paper is as follows. In the following section we give an outline of
the general scheme for solving (Z,eZ,)p problem. In section 3, we construct and study the
B-functions. In sections 4 and 5, we have constructed the asymptotic expansions for the radial
Coulomb hyperspheroidal functions and the angular Coulomb hyperspheroidal functions using
the ideas in [9, 11, 19]. In section 6, we obtain asymptotic expansion for the energy levels and
the quantum defect. Finally, we discuss our results in section 7.

2. Formulation of the problem

The Schrodinger equation for the (ZeZ;) p problem in atomic units (m = e =h = 1) reads
VARNA)
—sA———— V(@ R) = EV(r; R), (1)

where r; and r, are distances from the electron to charges Z; and Z, and R is the intercentre
distance. Introducing the hyperspheroidal coordinate system [10]

x; = —coshucosv,
2
R . .
Xy = ) sinh u sin v cos Bp_7,
R . . .
X3 = ) sinh u sin v sin Bp_; cos Bp_3,
2
R . . .
Xp_| = £l sinhu sinvsin fp_; . .. sin B cos By,

R . . . . .
Xp = 0 sinhu sin v sin fp_5 . .. sin B, sin By,
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where
0<v<2m, if D=2,

0<v <m, if D>2,
0<u< oo,
Bo =0, 0 < By <2m,

0< B <m, k=2,3,...,D—2,

and writing the wavefunction in the form ¥ (r) = E® (v)[1?) (u)]_[,?;]2 Fi(Br), we obtain the
equations

|: 1 Kl sinhP-2 ui _mpa(mp o+ D —3)

sinh? 2y du ou sinh? u
+2pacoshu + p*(cosh’u — 1) — A}H(D) =0, 3)
1 0 . po, O mp_r(mp_r+ D —3)
————— —in v— — -
sinP—2 v Jv v sin? v
+2p,3c0sv—p2(l — cos? v)+A]E(D) =0, (@)
[32+ 2}F(ﬂ) 0 (5)
5 TNy 1\p1) =Y,
B}
1 J . k-1 d me_1(mp_1 +k —2)
s Br— — -
sink~1 B 9p 9Br sin? fBy
+mk(mk+k—1)}Fk(,3k)=O, k=2,3,...,D—2, (6)
where A, my, my, ..., mp_, are the separation constants, and
p=(R/2)(-2E)", o = (Zy+ Z1)(—2E)"'2, B =(Z,— Z)(—2E)" ',
(7

We only consider bound states with £ < 0.
In particular, for D = 2 and my = 0, the following ordinary differential equations for the
functions I[1® (u) and E® (v) are obtained:

d2

[d_Z +2pacoshu — p?(cosh’u — 1) — A] n%w) =0, (8)
u
d2

|:d_2 +2pBcosv — p>(1 —cos®v) + ){| E@w) =0. ©))
v

The physically correct solutions IT® (1), 2 (v) of equations (8) and (9) must satisfy the
conditions

u—0o0

P +27i) = TP ), ITI®(0)| < oo, M w)| =30, (10)
E@@w+2m) = E®(v). (11)

It is expedient to introduce new variables &, n for the case D > 3 by

& = coshu, 1 <€ < oo, n =cosv, —1<n<1,
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so that the radial equation (3) and the angular equation (4) are transformed into

1 d oo d m(m+ D —3)
@ onmaE® DT g AT rE S Dt - gz—_l} ne =o,
_ (12)
_ 1 d o1 d m(m+D —3) |
(=) —+h = PP =) +2ppy — ———— | EP) =0,
| (1—n?)7 dn dn -7
(13)
where
m=mp_»n.
The functions I1(£) and E (1) obey the boundary conditions
£E—
M2 1) < oo, n® ) =3 o, (14)
2PV (£])] < o0. (15)

Both equations (12) and (13) are singly confluent Heun equations [11, 12].

We introduce the radial Coulomb hyperspheroidal functions (RCHF) I1 ,(43() (p,a; &)
(D > 3) as solutions of the Sturm-Liouville problem described by (12) and (14) on the
ray & € [1, 0o), where £ is the number of zeros inside [1, 00). In the case of D = 2, instead
of the RCHF, we introduce the radial Coulomb elliptic functions (RCEF) H,(f) (p,o;u) as
the solution of the boundary problems (8) and (10), where now & is the number of zeros
inside [0, 00).

Next, we introduce the angular Coulomb hyperspheroidal functions (ACHF) &) (p, B; )
(D > 3) as solutions of the Sturm—Liouville problem of (13) and (15) on the interval
n € [—1, 1], where ¢ is the number of zeros inside [—1, 1]. In the case of D = 2 instead
of the ACHF, we introduce the angular Coulomb elliptic functions (ACEF) El(z) (p, B;v) as
solutions of (9) and (11), where / determines the number of zeros. In the case of equal charges
(Zy = Z,), lis the number of zeros in the interval [0, 7). In the case of Z; # Z,, the number
of zeros of the ACEF in the interval [0, ) is equal to 2/.

It can be seen that in the limiting case p — 0 the angular equation (13) can be converted
to the following form:

|: 1 d 5 p-1 d m(@m+ D — 3):|
— 1=z —+nn+D—-2)— — [ B=0.
(1—2z2)7 dz dz 1—2z?

Solutions of equation (16) bounded at the singularities z = +1 are denoted by B{?"(z), and

in this work we name them the B-functions. The B-functions are expressible in terms of the

hypergeometric function, and they will be considered in the following section.

The situation is more complicated for the case of the radial equation (12). In the chosen
scale, this equation appears to be a perturbed equation of (16). Actually the proper radial scale
in the united atom limit (p — 0) is p&. The principal scheme of further calculations is the
following:

(16)

e the use of two different scales;
e perturbation calculations of the solutions;
e the matching of the solutions obtained on different subintervals.

As a final step, the dispersive equation for the eigenvalues of the energy is solved by means
of successive approximations. All calculations are rather cumbersome and can be carried out
with a symbolic computation system like Maple*.

4 Maple Waterloo Software, Inc. See http://www.maplesoft.com
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The existence of two scales leads to the fact that the expansions for the separation constant
and for the energy levels have more complicated structures than simple power series.

3. The B-functions

The B-functions are solutions of differential equation (16) where n and z are unrestricted.
We will restrict ourselves D = 3,4,5,...and m = 0, 1, 2, ... in the further deductions. If
D = 3, then equation (16) simplifies to Legendre’s equation [20] and we suppose that

B (z) = P (2), (17)

where P} (z) are Legendre functions. For m = 0, equation (16) reduces to Gegenbauer’s
equation [20] and we suppose that

D2
B(?0(z) = const- C,* (2), (18)

where C (z) are Gegenbauer functions [20]. The differential equation (16) remains unchanged
if m is replaced by —m — D + 3,z by —z, and n by —n — D + 2. Therefore,

B (E2), BT, BOMLL,E). BTGP

are solutions of (16). We follow relation (17) and introduce the B-functions by
'n+m+D -2 _m_u
B () = - L2 DR @ (19)
I'n—m+1)

Hence, the following relation between the B-functions and Gegenbauer functions is valid:

L s I'@m+ D —2) m+2-2
@-15CC m2 (), (20)

L (m+557)

and it is easily seen that condition (18) is fulfilled. Relation (19) leads to the important
symmetry property

B (2) = (=1)P3BP(z), Q1)

The recurrent formulae for the B-functions may be derived by applying recurrence relations
between the contiguous Legendre functions

B;D),m (Z) —pm—

@n+D—2)BP" () = —m+ 1B () + (n+m+D —3)BP"(2), (22)

n+l

d
@2n+D—-2)(1 - z%anf”*'"(z)

=@m—n—1nBP" @)+ (m+D—=2)(n+m+ D —3)B"\"(2). (23)

n+l

By means of the transformation relationship of the hypergeometric function , F; (a, b; c; x)
[20], expression (19) is expressible in the form

m D 3

B (5) = ()P 72 e DT @ )7 E T
I'(=2n— D +2)
“T E2Hr D+3
(=1 — 22T (=n —m —D+3)

D—1 2
X F | n+ n—m+1;2n+D -1, —
2 z+1

—n— +n+ ,m,D% F(2n +D — 2)
+2 ’(z+1)2 2(z—1)
I'(n 4+ 221 )F(n —m+1)

D -3 2
xFil\-n———,-n—-—m—-—D+3;,-2n—D+3; —— . 24)
2 z+1
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In our applications of the B-functions z = x, where —1 < x < 1. If m+ 2=2 is an even integer
and D is an odd integer, we see from equation (19) that the values of B{”’"(z) on both sides
of the cut are equal, so in this case it is sufficient to take the branch cut along the real axis
from —1 to —oo. In all other cases, B{? " (x — i0) and B{”)" (x + i0) are different [ f (x i0)
means lim,_,o f(x £1i¢), ¢ > 0]. In order to avoid ambiguity, it is usual to introduce slightly
modified solutions of (16). These will be denoted by B{”™ (x):

B (x) = He ™ 2B (x +i0) + " B (x — i0)]. (25)
With this definition, formulae for the IBle DM () corresponding to that for the B(?)"(z) (19)
may be obtained as
I'm+m+D —2)
'h—m+1)
where P} (x) are Legendre functions on the cut [20]. If n = 0,1,2,3,... and n > m,
equation (26) is valid, and the hypergeometric series involved are polynomials of degree n —m

in x and {]B%,(f) )m (x)} is a system of orthogonal polynomials. The orthogonal relationship for
these polynomials reads

3-p D3
B (x) = (1 —xz)TDIP’M?Z (x), (26)

1
/ BB (0)(1—2) T dx =0, n#r,
—1
(27)
/1 [B(D)””(x)]z (1- x2)0773dx _ (m+m+D —3)! .
L (n—m)! (n+232)

4. The asymptotic expansions for the ACHF, ACEF and for the separation constants

Setting p = 0 in equation (13), we obtain the B-functions equation (16). This suggests to
present an expansion for the eigenfunction 2P () of boundary problem (13) and (15) in the
form

o0
EPm) = > gB)" (). (28)
n=m—I
The coefficients g, satisfy the system of recurrent equations

sznQn+lgn+2 +2p,89ngn+l
+[A" — @ +n) I +n+D —2) — p*+ p (i Do + 2Tt 12

+2p/3r‘ngn71 + pzr‘nrnflgan =0, Em—1-1 = 0, Em—1-2 = 0, (29)
where
l+n+m+D—2 l+n—m
Q, = ) "= T T (30)
20+2n+ D 2n+2l+D —4
The coefficients €2, and I';, are symmetrical, corresponding to the substitution/ — —[ — D +2:
Q) =T_ (=l = D+2), L) =Q_y (=l = D+2) (€20)

that leads to the symmetry of g,
gn(l) = g—n(—1 — D +2), nzm-—lI, (32)
and to the invariance of the separation constant

AP (1) = AP (—=1 — D +2). (33)
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The asymptotic procedure of getting the succeeding coefficients g, in expansion (28) and
separation constant A is based on the formal series

o0 (o]
gn=p" Y leulyp”.  go=1. A" = [Alyp*. (34)
j=0 j=0

Firstly, expansions (34) are inserted into recurrent equations (29). Then we equate coefficients
of alike powers of p. On the first step of the recursive procedure, [A]j is obtained. On the next
step the coefficients [g+]o are obtained, then [A], and so on. We give some final results

AMo=1(I+D —2), 35)
282 282
A =1—Qy |1+ — D] Q11— D3 | (36)
I+ 75~ I+ 75
aren (. 28\ B
[Als = — 20+ D 1+ D1 — ) 290F191F2
@+ D) ) (+5)
2Ql+D -2 284
_ Mroﬁqﬁorl + L g f
(1+25) (1+25)°
2 2
134

Fo2_1Q 1 +{  }im—i—ps2. 37

—3\2 _1\2

(1+25)" 1+ 25)

For the sake of brevity, we denote with the brace all terms in (37) that are symmetrical to the
given ones in accordance with the substitution / — —I — D + 2 and the property (31).

Instead of expansion (28), we can use the expansions of the form

o0
EPm = Y d,B" 1),
n=m—I (38)

o0
dy = p" Y ldihip”,  do=1,
=0

where the coefficients d, satisfy the three-term recurrent equation system

(+n—m)(B+1+n+232)

2pd,— —du[(L+n)( D —2) — "
=t A+2m+D—4 [¢+m)¢+n+ D=2 =2
(l+n+m+D—=2)(B—1—n—21)
+2pd, =0, d_; =0. 39
P 2+2m+D : 5%
It is easy to obtain from equation (39) the following limiting ratio:
dn
ALY PN E, n — +00. (40)
d, n

Thus, series (38) converges on the interval —1 < 1 < 1. The successive approximation
procedure leads to an expansion for the eigenvalues 1(7:

(422 14255 4 n s 22’
2l+D —4)2l + D)

(l+DT*3)2+l+DT*3—3(m+DT*3)2

(+223)(1+21) @ +D -4l +D)

A" =1(1+D—2)+2p°

+2p°p o(p"). (41)
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Now, we obtain the asymptotic expansion of the ACEF. The differential equation (9)
belongs to the class of equations with periodic coefficients. In the case of the equal charges
(Z| = Z,) parameter B is equal to zero, and the angular equation (9) transforms to the Mathieu
equation (see [20] vol 3). From condition (11) follows that these solutions of equation (9) are

=(2).(+) LN r’ =(2).(-) LN r’
g (p,0;v) =ce (v, -7 ) g, (p,0;v) =s¢ | v, -7 ) 42)

where ce; (v, g) and se; (v, g) are the well-known Mathieu’s functions (see again [20] vol 3).

In the case Z; # Z,, we introduce the new function E? (p, B; v) = e 7' W(p, B; v)
and the new variable v = 2¢. In these terms, the angular equation (9) is transformed to Ince’s
equation [21]

d? d
[@ +4p sin(2§)& +4p(1+2pB)cos(2¢) +4A] W(p, B;v) =0. (43)

Formal solutions of problems (43) and (11) are obtainable as trigonometric series

W (p, B;v) = ian cos(2n), (1> 0), (44)
n=0
an(l) = p" i[anunzm” : al) =1, (> 0),
j=0
W7 (p, B;v) = ibn sin[@n+2)¢], A=), (45)
n=0
bu(l) = p" !l i[bn(l)]szZj : bia() =1, =1).
j=0

The eigenfunctions W,*'(p, B: v) and W, (p, B; v) correspond to the eigenvalues A;" and
)Ll(f). The three-term recurrence relation for the coefficients a, and b, and the perturbation

procedure for obtaining kl(i) are studied in [13]. The eigenvalues )»Z(i) and A" are connected

with relation
D=2

A = o (>2). (46)

5. The asymptotic expansions for the RCHF and RCEF

When the values of & are finite, the radial equation (12) is like perturbed equation (16). This
suggests to represent an expansion for the solution TT*?)(¢), which is finite at & = 1, in the
form

o0
NP E) =e > dy(vBE" (),
e . (47)
do(v) = 1, dy(v) = p" Y [dy (W) p*.
j=0
The coefficients d,(v) satisfy the recurrent equations that coincide with relation (39)
by changing / into v and B into —«. The expansion for the eigenvalues A& of boundary
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problems (12) and (14) is equivalent to series (41) after substituting/ — v and f - —«

[ — v,

A6 — (48)

B — —a.

The convergence of series (47) is determined (and ensured) by the behaviour of ratios
et (BTE) [y (0)BLL)" (§) at large positive 7, and d, (V)BLL)" (§) /duet (0B} (€)
at large negative n. From the recurrence relations for coefficients d,(v) and from

equation (22) we obtain

din MBONE) | p .
d, (B (&) ZE-VE - o, (49)

d, (VB (&) p

dus1 (B2 (£) ‘ n(E —er—1)

Thus, series (47) converges in the complex plane cut from +1 to —oo.
Series (48) for the separation constant is invariant under the substitution v — —v — D +2.
This leads to the symmetry of the coefficients d, (v):

n— —oo. (50)

d_,(v) =d,(—v — D +2). 5D
From equations (51) and (21), we can see that the solution I1‘?) (¢) has the symmetry property
NP, p, =D I2E). (52)

Another series is needed in the region of large £(§ = O(p~')), where the new scale for
the independent variable is introduced:

x=pE+1), (53)

and the new function

m+D—3

(E+1) 2
¢E-D2
Thus, instead of (12) we obtain

d d ~ D—1 d
|:—x2——x2+2ax—r(r+1)]H(D)(x)+x_pzp[2<m+ 5 )xa

0P (x) = ) g). (54)

dx dx

+<‘L’(‘E+ - D=-3D-1 —)\(5)> X

4 p
+20x — 27(T + 1)}1*[(0) x) =TI @) + polP ) =0, (55)
D-3

where T = v + ==,

Here v is a parameter which will be determined later on. The motivation for introducing
the new variable x and the new function (54) can be clearly seen now: it allows a useful
partitioning of differential operators, such that the operator T.in equation (55), coincides with
the three-dimensional radial Schrédinger operator in spherical coordinates for the Coulomb
field of a united atom with charge Z; + Z, and an effective orbital momentum 7. The two
linearly independent solutions of the equation ?R(x) = 0 are functions R, (x) and R_,_;(x),
where

R.(x)=x"e "\ Fi(—a+7t+1;2t +2; 2x). (56)
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Here |Fi(a;c; x) is the regular in the origin solution of the confluent hypergeometric
equation. The recurrence relation for the function R;(x) can be obtained either by using
the corresponding relations between the adjacent confluent functions [20], or by using the
well-elaborated techniques of integral transformation [9]. Here we shall give only the final
result

R:(x) o o —(t+1)?
=R._1(x)+ et D R:(x) + T+ )0+ D2 13) Rey1(x), (57)
dR.(x) o —(t+1)?
o - R T o ar e D a3y T ™) (58)

According to property (52), we shall construct the function I1{ (£) that is the continuation
of the function TP (&) to large & in the form

NP E) =gy @) + ()P 3g(—v = D+2)y")_ L (®), (59)
— D5 >
&) = % By (V) Rean (). (60)
E+D)"T
M _ _E-Df Ooh——D 2)R
y_v—D+2(€:) (S-}-l)% n;oo n( v + ) 7171+n(x)v
o 61)
ha(0) = p" Y Tha W p™,  ho() = 1.
j=0

Here g(v) and g(—v — D +2) will be found later by matching expansions (47) and (59). Both
functions (60) and (61) have to satisfy equation (55) separately. The coefficients 4, (v) obey
the three-term recurrence relation

[(V+DT_3)2—a2](v+n+m+D—3)
(v+n+L22)Qu+2n+D —4)Qv+2n+D —2)

D -3 D—1
+hn[<v+n+ 3 ><v+n+ >—A(E)]

D -1
—2phy,s <v+n+ >(v+n—m+1)=0. (62)

2ph,1,1

From recurrence relations (57) and (62), we can obtain the following limiting ratios:

hn+1 (V)Rr+n+l(x) px
~Px , 63
B Rem() | 2027 T ©2
W R | 20 6
hn+1(V)Rr+n+l(x) X

Thus, series (59) converges whenever |£| > 1. The coefficients d, (v) (47) and h, (v) (59) are
connected with the relation

(a+v+ 27 (w+m+D—-2),
Qv+D —1),(v—m+1),

is the Pochhammer symbol.

hn(v) = dp (v)(=2)" . (65)

I'(a+n)
I'(a)

where (a), =
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Using relation (24), we can present solution (47) of the radial equation (12) as linear
combinations of further solutions of this equation

NP &) = y@E) + (—1)P3y?_,.©), (66)
where
L (EHITT S b
e =et (5?) Y A2

n=—00
E+1D)"™T'2n+2v+D —2)
F(n+v+%)l"(n+v—m+l)

D -3 2
X, Fil-n—v——,—n—v—m—-D+3;,-2n—2v—D+3; —— ).
2 E+1

(67)

Now, we describe a closed circuit on the complex plane of £, making positive loops around
the points £ = 1. This leads to £ — 1 — e*™{(§ — 1), & + 1 — e*™ (£ + 1), and it can easily
be seen that the effect of this circulation on solutions (67), (60) and (61) of the radial equation
is

(&) — ey (g), Y (@) — TR M L €),  (68)

y2(E) — ¥y P (&), ¥ ) = TERN® L E). (69)

Since y(V(£), y? (&), y£137 pin(&) and y(7237 pio (&) are solutions of an ordinary differential
equation of the second order, relations (68) and (69) imply that

y2E) = gy @), 2 @) =g(—v—D+2)y") (). (70)

The value v is called the characteristic exponent, and the solutions y(V (&), (¥ (§) are called
Floquet solutions [11, 19]. The characteristic exponent v is a function of the parameters of
the radial equation.

The constant of proportionality g(v) may be evaluated by expanding the hypergeometric
series representation y® (&) and the confluent hypergeometric representation for y("(£) and
comparing alike terms

: b3 . _
o 2T (j v+ 252

— ol V=i 2 )
g(v) =e’p Nt U] (71)

where

2% (j+v+252)

— ) k
Sw) = [gdﬁk(w EEEE—

2":(—j—k—u—%)Z(nw%)k_l(—j—k—v—m—D+3),}

(=2j =2k —=2v—D +3)l1(k = 1)!

HK(—a+j—k+v+2:) ]
( J 2 )k] (72)

I
- g ) T =k + D = k!

In formula (71), j is an arbitrary integer and g (v) is independent of j. Here we shall give only
the final result for the ratio S(—v — D +2)/S(v):
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S(v-D+2) ) 2W+D—2

S P2y D=420v+ D)

X[az(l_3(m+DT‘3)2[8(V+DT‘3)(V+%)—3])

A+ B22) (v + 271

2
+<m+D2_3> —1]+0(p4). (73)

4

When « and 7 have arbitrary values, the solution IT1?)(£) in the limit x — oo has the
form of a linear combination of the two exponents, one decreasing and the other increasing.
Declaring the coefficient in front of the increasing exponent to be zero, we obtain the dispersive
equation that connects the values of the parameters «, T and p:

D—-3\1-—c¢
tan(wo) = tanm (v + , (74)
2 l+e¢

where
(p>zv+D—z T(a+v+ 22 ()"’ T(w+m+D —2)

Vo Ty 22) o 1 (04 22)] (v+ 252
o 'v—m+1) sin(mrv) S(—v—D+2) (75)
T4 (v+ 22)r2 (v + 22 sin 7 (v + 252)] S(v)

In concluding this section, we show the scheme of calculations the asymptotic expansions
for the RCEF. Transforming the radial equation (8) into the algebraic form by writing

& = cosh u, we obtain
[@2 e L -1 2pas - A} n®e =o. (76)
dg2 7 dg
Equation (76) is a particular case of the confluent Heun equation [11, 12]. When the values of
& are finite, the radial equation (76) is like a perturbed equation for the Chebyshev polynomial
of the first kind 7;,(£) (see [20], vol 2). We represent the solution I1® (&) which is finite at
& = 1 by formal series

o0
NPE) =e > dyTyun(®). (77)
n=-—00
The solution Hf) (&) and the series for the separation constant are invariant to the substitution
v — —v. According to the symmetry v — —v, we shall construct the function 1 (£), that
is the continuation of the function 1 (§) to large &, in the form

ne ) =\/s+1[§(v> D R, () +E (=) Y En(—wRu;M(x)] (78)

n=—0oo n=—0o

where g(v) and g(—v) are matching constants. The dispersive equation, that connects the
values of the parameters «, v, and p, reads

1 _
tan 7T <a + —) = tan(rv) , (79)
2 1+e€
where
S T(=2v+ DI (v+a+3 8oy
2 ( 21) |: . . 2pz n 0(p4):| . (80)
FQu+ DI (—v+a+3) 42 —1)
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6. Asymptotic expansions for the electronic terms and the quantum defect

The first step in deriving asymptotic expansions for the energy levels is to obtain the expansion
of the parameter v in powers of p. The asymptotic expansion for v can be derived by equating
2 and 14, From equations (41) and (48) one obtains

Vl(ri)) :l+[v]2p2+[v]4p4+[v]6p6+ O(pg), (81)
Here

[v], = otzs.Al(lg),

vl = oS (o 5312+l +2(2)

S T e R )
where s = % The coefficients Al(,fl)), Bl(ﬁ), (?l(ﬁ) and Dl(g ) are connected with the

coefficients Ay, Bjy, Cim,> and Dy, from [9] by the following relations:

D-3 D-3

AD _ g, [ —1+3 B8P _ g I —>1+5
= m _ = m _
lm —m+ 23, fm m—m+ 22
D-3 D-3

oD _ ¢, I —>1+5 DD _ p, I —>1+5
= m _ - m —
f m—m+ 22 fm m—m+ 232

The other coefficients have rather cumbersome forms and they are not presented here.

Inserting expression (81) into dispersion equation (74) and solving this equation by
successive approximations, we obtain the following asymptotic expression for the energy
terms:

s(ZR)* e +s(ZR)6
3w Lt s

A

£D _ z | — s(ZR)?
nim 2n2 2n

[€]6 + o(ZR)ﬂ : (82)

wheren=n+22,7Z =7, +2,, and

[Els = ns(6[A(D)]2 — 4nB(D)) _4pD) _ gp2eD)

Im Im Im Im >

[€]6 = —4sn2[AD] + 6503 (C2 + sB2) AL + 10snA2 D2

Im Im Im Im m Im
D D D D D
- 2114(91("1) + Sg:l(m)) - nz(zjl(m) - ZZS2 + 2Sg{l(m)) - ZH;m)

The additional supposition has been made at this step that s is not large.
We define the quantum defect AD) for the (Z1eZ,)p system by the following relation:

nlm
ZZ
EP = _ . (83)
a5
Expansion for the quantum defect Aff”)l can be found from the expansion of the energy E,(lﬁr:
s(ZR)? s(ZR)* S(ZR)®
o = ; AP 4 o [Dla+ —— [Dls +0(ZR)", (84)

5 Thereis a misprint in the coefficient Cj,, from the original article [9]. The correct form of the coefficient Cy,, is

Im

A (@+1)? 2 Am 18m?(4m? — 1)(21 + 1) Bin
T2+ 8 = T R+ 1221 = 1)2(2 +3)2 27
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where

D) @(D) + _@(D)

Im im >

[D]y =sB

(D)
(Dl = G2 + 572 + 21 (292 + 25362 — 2°5%) — AL DIE 1 D
Solving dispersive equation (74), one can see that expansions (82) and (84) contain only even
powers of R up to the power 2/ + D — 1. The next terms are connected with ¢ in equation (74)
and include logarithms. It is possible to connect the existence of these terms with the fact that
the wavefunction in the vicinity of both nuclei includes the negative and positive powers of
the variables.

In the case of D = 3 and arbitrary n, [, m these terms have been found in [9]. The fact,
that they cannot be calculated for D = 2, has been mentioned in [13]. If we try to compute
the logarithmic terms for the most general case (D, n, [, and m are arbitrary), we can easily
see that these terms can be obtained for odd values of D only and they have complicated
forms. This clarifies the previous statement. Moreover, it is important that the higher a space
dimension is, the weaker the influence of the logarithmic terms is on the energy of the system
(Z1eZ»)p . It can be seen in [13] that the logarithmic terms of the united-atom expansion for
the energy levels are the most significant for the case D =2 and [ = 0.

By going deeper into the details while solving the dispersive equation (74), one
can also obtain the exact solution: the D-dimensional one-centre Coulomb functions in
hypersphseroidal coordinates.

We have calculated one additional term in the expansion for the characteristic exponent v
forthe case D =3 and/ =m = 0:

8 16
vé?)) = gazsp + Ea 459 — 38s)p*
160’ 2 2 6
+ (a*[+78 88052 + 21605 — 288] + o’ [—2520s + 630] + 63) p
42525
32s0? 6 3 5
- (a®[68230064s — 172364645 + 3952625 — 33225]
13395375
+a*[690 4805 — 3502805 + 44 415]
+a?[63504s — 157501 — 165)p® + O (p'°). (85)

Up to now only the two first terms in expansion (85) have been calculated [9, 22]. Inserting
expansion (85) into dispersion equation (74) and solving it by successive approximations
procedure, we obtain the following asymptotic expressions for the energy E ,(j):) for the case of
S states and D = 3:

3 z?
E%0=-—Z§[1+el+eg, (86)
where
4s 4s 5 19
¢, =——(ZR’+—(ZR’+ —r—)—1|ZR)*
1= 73, (ZR+ ( i+ sn[s<m1+27) }( )
+1m | 22R+W+1)+2 2 139
— n —_— — ——
9n s " 4 n 60
. 1 43 ZR) — 16s (ZRPl ZZR
48}12 240 n
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Table 1. Values ofvr(;l) atR— OforZ; =Zr=landa = v/2; E = —1.

3 3 3 3
R () (P wg))? )

0.025 0.000416661  0.000416661  0.999917  0.999917
0.05 0.001 666 58 0.001 666 58 0.999667  0.999 667
0.10 0.006 665 67 0.006 665 67 0.998665  0.998 665

0.20 0.026 6741 0.026 6741 0.994641  0.994 641
0.30 0.060 240 0.060234 0.987868  0.987 868
0.40 0.108 375 0.108 268 0.978242  0.978243
0.50 0.174353 0.173253 0.965602  0.965 608
0.60 0.269 069 0.260 344 0949715  0.949742

(3)

# Values for v,/

obtained by numerical solutions in [22].
® Values for v((,é) obtained by using expansion (85).

¢ Values for ”(()31) obtained by using expansion (81).

¢ 16s S+ 1 o+ 1/19 53 N 1 /2 1 N 493 1801
=—|-s n — —| == — = —|z5s— — — - ——
7 on 2n v n \ 30 20 n?\3 60 945 840

1 1 773

©2400n*  40n2 16800

S2

170 10013

](ZR)6 + E(ZRV In®> R
27n

253680 27
[(- + 1061760 — 4032001n —= — 806400y
S n
— 403200y (n + 1)>sn2 +806400sn — 8400} (ZR)'InR + O(R").

Here y(n+1) = % r—n is the logarithmic derivative of the gamma function [20] and
y = 0.5772... is the Euler constant. The form of the &, has been obtained in [9].

The asymptotic expansions for the energy levels and the quantum defect of the system
(Z1eZ,), are studied in [13]. Asymptotic expansions (81), (82) and (84) are valid for the case

of D=2 (m =0)whenl > 4.

7. Discussion

‘We have checked our approximate results with numerical solutions. In table 1, the comparison
of our results for values v,(:l) (81), (85) with those of the previous asymptotic and numerical
treatments [22] shows that, as expected, the inclusion of additional terms in the asymptotic

expansions for e improves the agreement between asymptotic and numerical results. It can

ml
be seen from this table that the agreement of the two sets of values for ",(7131) is better for the
smaller R and the larger / values. In table 2, we give comparison results obtained from the
asymptotic expansion for the three-dimensional (3D) ground state energy level of H; (86)
and from the numerical solution [23]. It can be seen from this table that taking into account
the coefficient &, makes the agreement between the asymptotic and numerical results worse.
This fact is due to the divergence of the series for the energy levels. The results are better for
larger n.

From the asymptotic expansion for the energy El(lﬁn) (82), it is easily seen that the series
for energy converges at small R and large D. We have compared high energy levels of the
two-dimensional (2D) H; with high energy levels of the 3D H;. In table 3, we can see how

the high energy levels of the 2D H; approach the corresponding energy levels of the 3D H;'.
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Table 2. Energy for the ground state of 3D Hy

R (EQD*  201+¢€,]  21+¢ +¢,]

0.05 1.9939765 1.9939765  1.9939765
0.10  1.9782421 1978236 1.978 244
020 1.9286202 1.92837 1.928 89

030 1.8667039  1.8649 1.8704
0.40  1.8007539  1.7943 1.8228
0.50 1.7349879  1.714 1.818
0.60 1.6714846  1.60 1.91

4 Values for E 536 obtained by numerical solutions in [23].

Table 3. Comparing high energy levels of 2D H; and 3D H; (R = 0.05).

nool ES) ~EY)

“Ealm

3

0.08000023088
0.079999919 19 0.098 765 867 59
0.079999676 77

0.020 00000295
0.020 000000 49 0.022 160 668 83
0.019999 994 99

10 9

0.008 888 889 133
0.008 888 888962  0.009 512485436
0.008 888 888 450

= o o W O ~ W o

15 14

—_
~

0 0.002222222226
30 29 15 0.002222222223  0.002298 190 179
29 0.002222222215

This result confirms a well-know fact: the motion of an electron in the Rydberg state becomes

approximately planar. The energy terms E D) of the system (ZeZ,) p are connected with the

nlm
(3)

energy terms E . of Z,eZ, by the following relation:

nlm
n—n+233
D 3 D-3
Eyn = Ep, [l > 1+ 252 (87)
m— m+ D=3

BN
Identical correspondences also exist for the D-dimensional hydrogen atom and the
D-dimensional helium isoelectronic sequence [24].
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